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Autonomously Aided Strapdown Attitude Reference System

M. Koifman* and S. J. Merhavt
Technion—Israel Institute of Technology, Technion City, Haifa, 32000 Israel

The feasibility of an autonomously aided strapdown attitude reference system, based solely on the measure-
ments of an orthogonal triad of rate gyros and conventional air data, is explored. The aiding is provided by the
aerodynamic model of the aircraft and a reduced-order multirate extended Kalman filter (EKF). It is demon-
strated that the EKF provides on-line attitude estimates with bounded errors not exceeding 0.5 deg at output
rates on the order of 20 Hz. On-line simulation tests, incorporating low-cost rate gyros mounted on a high-pre-
cision three-axis flight table, validate the feasibility of the concept.

Introduction

HE work described herein is motivated, among others, by
- the continuing need for an autonomous, small and reli-
able attitude reference system, particularly in the growing field
of remotely piloted vehicles (RPVs), in which the use of solid-
state miniature rate sensors is anticipated. The current state of
the art in the determination of aircraft attitude angles is still
primarily by means of the vertical gyroscope (see, for exam-
ple, Ref. 1). It is gravity controlled to avoid unbounded drift,
but, consequently, it is acceleration sensitive. It is generally
bulky, has limited angular freedom, and is of relatively low
reliability. The other established approach is by strapdown
inertial measurement technology (see, for example, Ref. 2), in
which the outputs of a triad of body-mounted rate gyros are
integrated by the Euler equations, or quaternions, to provide
aircraft attitude angles. It is neither gravity controlled, nor
acceleration sensitive, but it has unbounded drift, unless exter-
nal aiding is used. To achieve satisfactory precision over peri-
ods of several hours, costly inertial-grade rate gyros are re-
quired. A blend of preceding methods is described in Ref. 3,
which, essentially, is a strapdown mechanization of a vertical
gyro using a good-quality two-axis dry tuned rotor gyro,* and,
in addition, two accelerometers for gravity control to assure
bounded drift. Yet, it is acceleration sensitive as is the vertical
gyro. A number of attempts to provide low-cost attitude infor-
mation derived from the geophysical environment have been
reported. For example, Hill’ proposed a capacitive method by
using the electrostatic field near the Earth. Pietila and Dunn®
proposed a triad of magnetometers using the Earth’s magnetic
field. These approaches have not matured as practical tech-
nologies apparently because of sensitivity to interferences.
Bryson’ indicated the possibility of -determining attitude an-
gles by means of angular rate measurements and a linear
fixed-gain Kalman filter based on a linearized model of the
aircraft in straight-and-level flight. He did not extend this
study for maneuvering aircraft with widely varying altitude-
and relative airspeed. Grunwald et al.? initially investigated
this concept for maneuvering aircraft using a linearized model
and a constant-gain Kalman filter to avoid computational
load, and found substantial errors in attitude estimation. Even
with a complete nonlinear aerodynamic model and a constant-
gain extended Kalman filter, these errors were not sufficiently
reduced.
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The conclusion was that a variable-gain extended Kalman
filter (EKF) is necessary, and the challenge was to implement
it for real-time operation. The use of an EKF for maneuvering
aircraft as part of an off-line algorithm for the identification
of aerodynamic coefficients is described in Ref. 9. However,
real-time implementation was not an objective, and it would
not have been feasible because of the large dimensions of the
state and measurement vectors. This paper describes a feasibil-
ity study of determining aircraft attitude angles using an EKF
based on the complete nonlinear aerodynamic equations, the
primary measurements of low-cost rate gyros with time-vary-
ing biases on the order of 0.1 deg/s, magnetic heading and the
secondary standard measurements of relative airspeed and
barometric altitude for updating aerodynamic parameters,
and magnetic heading. The main points in this study are:

1) To find a computationally economic formulation of the
EKF that provides the estimates of attitude angles with a
precision better than 1 deg and that operates at rates of at least
20 Hz to satisfy the needs for flicker-free display and smooth
control.

2) To investigate the effect of rate gyro biases on the atti-
tude estimation error and to devise a method for coping with
their time-varying nature.

3) To study the effects of uncertainties of the aircraft aero-
mechanical parameters and of atmospheric turbulence on the
attitude estimation errors.

Results are presented in accordance with the foregoing
points. They are demonstrated by detailed off-line computer
simulations and validated by on-line laboratory ‘‘flight tests”’
using rate gyros and a high-precision computer-controlled
three-axis flight table. The results indicate very good perfor-
mance under diversified flight conditions, maneuvers, varia-
tions in aeromechanical parameters, and time-varying gyro
biases.

System Modeling
Aircraft Atmospheric Turbulence and Sensors

Aircraft motion is described by 12 standard equations given
in Appendix A.

Atmospheric turbulence is described by a vector velocity

field [u,, v, w,]7, where the subscript g indicates gust and is
modeled after Dryden!® and formulated as an airspeed- and
altitude-dependent first-order Gauss-Markov process with an
unknown mean value.
* The measurement system consists of 1) a triad of orthogo-
nally body-mounted rate gyros for the measurement of pitch
rate g, roll rate p, and yaw rate r; 2) a magnetic heading
sensor for measuring ¥; 3) an airspeed sensor; and 4) a baro-
metric altimeter. All measurements are contaminated by ran-
dom noise and unknown biases.
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Extended Kalman Filter Formulation and Performance

The state vector of the aircraft as defined by Egs. (A1-A10)
can be augmented by the variables describing the atmospheric
turbulence and the gyro biases. Thus, in the nonlinear state-
space equation

X@)=S1X@), U+ W) 1)
X(¢) € R' is the augmented state vector defined by

XORw v, wop, g, 7, 6, 6, ¥, By gy Ve Wy i g #r)T

The first 10 terms in this vector are the aircraft state variables,
the next three are the gust components, and the last three are
the gyro biases that are important in obtaining good estimates
of aircraft attitude, especially with low-grade rate gyros. Ini-
tially, it is assumed that i, = i, = i, = 0, i.e., that gyro biases
are unknown constants. The case with time varying drift rates
will be addressed subsequently.
U(t)e R* is the control vector defined by:

U@t)4 8., 8, 6., 6717

where the four elements stand for elevator, aileron, rudder,
and throttle, respectively.
W (t)€R'¢ is a vector of continuous white noise defined by

W(t) é [O’ 0’ 09 03 0’ 0’ 0’ Oa Oa 0: Wi, Wa, Wi, 03 0, O]T
The measurement equation is
Z,=HX, +V, 2)

where
Zk é [Vm’ Prs Qms Tms ¢m: hm]T

The index £ indicates that the estimated variable is given at the
instant #; m indicates measured quantities; and H is the
measurement matrix defined by

1000000000 -100000
0001000000 000100
H3/0000100000 000010
0000010000 00000 1
0000000010 000000
0000000001 000000

Vi € R®is a vector of discrete white noise defined by
VAW, V, Vy Vi Vi VilT

Equations (1) and (2) permit formulation of an EKF. Its
algorithm is given in Appendix B in accordance with Ref. 11.
A series of computer simulations was performed. The aircraft
chosen as a model was a slow, subsonic, conventionally con-
figured RPV. Figure 1 shows an example of a 300-s run with
initial values of velocity of 40 m/s, initial altitude of 1000 m,
and atmospheric turbulence with 1-m/s rms. The simulation
was performed with an aircraft in open loop without control
surface activity. Since the aircraft has unstable lateral dynam-
ics, it executes a spiral dive, as indicated by Fig. 1. Under these
conditions, all of the parameters of the aircraft undergo ex-
treme variations. Yet, the estimation errors of the attitude
angles converge to less than 0.1 deg. Figure 1 shows the
performance for the roll angle ¢. Similar results hold for § and
Y. Additional simulation runs were performed for a variety of
maneuvers and different conditions of atmospheric turbulence
yielding similar results.

The foregoing implies that the aircraft parameters are
known. Since substantial uncertainties in these parameters
normally exist, their effect on the precision of the attitude
estimates was investigated. These uncertainties were assumed
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to be on the order of 5%, which is a reasonable state-of-the-

_art assumption. The effects of variations of every aerody-

namic coefficient were investigated separately by flight simu-
lations in both straight-and-level flight and ‘‘slalom’’ man-
euvers at 5000 m altitude and airspeed of 40 m/sec. For each
run, a deviation of a different parameter in the model was
assumed. The results disclosed that the algorithm can tolerate
parameter deviations up to 5%. In all cases, attitude estima-
tion errors did not exceed 1 deg. The largest sensitivity was
found to be with respect to the lift slope coefficient C.,,,
assumed to be a constant for moderate values of «. However,
this coefficient is relatively well known and its uncertainty is
small. Effects of uncertainty in control derivatives can be
interpreted as deviations in stability derivatives. Trim offsets
are canceled by the control system and do not affect the EKF.
Clearly, the algorithm can operate only after the aircraft be-
comes airborne, because only then can the equations of mo-
tion on which the estimator is based become valid. Therefore,
initially, and for a short time before takeoff, the attitude
angles are directly determined by integrating the rate gyro
outputs by the Euler equations. Initial errors, which may
accumulate, vanish because the estimator converges to the real
attitude angles of the aircraft.

Real-Time Implementation of Extended
Kalman Filter

With X€R'S, the implementation of the EKF for on-line
operation is not feasible. Examination of the computing rate
disclosed that one cycle of computation requires about 1 s of
CPU time on a VAX 750, whereas the propagation of the
estimated state vector must be carried out with a step not
greater than 10 ms to assure numerical stability. To achieve a
drastic reduction in this 100:1 ratio for on-line operation, the
following steps were taken.
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Fig.1 Time history of a) roll angle ¢ and its estimate &, and b)
estimation error A¢ using the full-order EKF in noncentrolled flight.
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Reduction of the Dimension of State Vector X

1) Remove the altitude # from the state vector X and A,
from the measurement vector Z but use the barometric mea-
surement A, directly for computing air density to update
aerodynamic parameters.

2) Remove the azimuth ¢ from the state vector. The estima-
tor cannot provide more accurate values of { than the com-
pass itself because no provision exists in the present formula-
tion for estimating azimuth errors.

3) Estimate relative airspeed resolved in body coordinates as
follows:

Up = U—1U, (3a)
VR =V~V, (3b)
Wg = W—Wg ‘ (39

Consequently, the reduced order state and measurement
vectors are:

Xé [Mp} ”qr Krs D 4, T, UR, VR, Wp, ¢’ B]T (4)
and

ZADm G T VinlT _ )

Simplification of Computations

Substantial saving in computational effort is achieved by
the discrete propagation of the estimation error covariance
matrix P. Its propagation is executed by the solution of Eq.
(B2). To ensure numerical stability, a very small step must be
used, which implies a slow rate of integration. More accurate
algorithms, such as Runge-Kutta, permit the use of large steps
but increase computational complexity. To circumvent this
conflict, the discrete formulation of Eq. (B2), which actually
is its solution, was chosen, i.e.,

Py = ®(X,U, AP, 9T(X, U, At) + O(AL) )

where & is the transition matrix of the differential equation
a®/8t = F®; it can be computed by the equation

$(X,U, A1) = expl F&, DA = 3 EE DALy
n=0

n!

)]
Define  as the process noise covariance matrix defined by

o = ﬁ: $(X,U, DO(METX,U,7) dr @®

By neglecting terms of order equal to or greater than Az2, one
can use the approximation

g ~ QAt )

Using the special form of & and the symmetry of the covari-
ance matrix, computational complexity can be substantially
reduced. By partitioning ® into submatrices, ® can be written
in the following form;

I 0 o0
dX,U,At)=| 0 &; &) 10)
0 & &

®,), &y, ¥y, and &,; are 4 X 4 submatrices, and Iisa 3 x 3
identity matrix that results from the augmentation of the state
vector by the three biases of the gyros. The state estimation
error covariance matrix P is symmetrical, and it can be parti-
tioned into submatrices as follows:

Py Py Py
P=|P, Py Py (11)
Pl PL Py
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where Py; is a 3 X 3 submatrix; P, and P); are 3 X 4 subma-
trices; and Py, Py3, and Ps; are (4 X 4) submatrices.

J, the process noise covariance matrix, can be partitioned
into submatrices as follows:

0= (12)

o oo
oo
So o

0, and §, are 4 x 4 submatrices. Using Eqs. (10-12), Eq. (6)
can be rewritten to obtain explicit equations for the propaga-
tion of the state error covariance matrix P as follows:

[Pl 1k = [Prleix (13a)
[Piode+ 11k = [Pl ®]) + [Pislein @ (13b)
[Pisde+ 11k = [Pralii®; + [Pisliic @3 (130)

[Poli+ 11k = @11lPoliix @ + S11lPralrin ®h
+ {‘1’11[P23]1;|k‘1’1T2}T + ®p[Py3lic®hz + O - (13d)

[Paslic+ 116 = ®11[Poliic®) + 211[Pxslcix 8%

+ (BulPulcic®h}7 + 21[Pyslcic % (13¢)
[Pssle+ 11k = D2lPoliix®]) + $21[Praliin %

+ {22[Pulic 2} T + P[Pyl ®h + O (131)

Exploiting the sparseness of the measurement equation and
using the fact that H consists only of zeros and units, a
substantial amount of operations can be saved, since the
product of H by another matrix only requires summations
with elements of the other matrix without the need for multi-
plications. .

After the reduction of X and Z to dimensions 11 and 4,
respectively, H takes on the form

100/ 1000|0000
01 0|01001/000°0
H=1001l001 01000 0 a4
000|0O0OT1I/000O0UO0

H can be written as:
H=[C|I|0] (15)

Cis4 x 3; Iis4 x 4; and 0 is 4 X 4. Substituting Eqs. (15) and
(11) into Eq. (B4), we obtain the following equations for
computing the gains:

Kilg+1=GM ™! (16a)
Kks1=GM™! (16b)
Kilk+1=GM ™! (16c)

where K; (3 X 4), K, (4 X 4), and K3 (4 X 4) are submatrices of
the overall (11 X 4) gain matrix K, and where Gy, G,, and G;
are given by the following relationships:

G = [Piili+ 1k CT + [Pl + 115 (17a)
Gy = [Pialics 1k CT + [Pyl s 11k (17b)

Gs = [Pi3] T+ 1k CT + [Poslie+ 11k 17¢)
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and M is given by:
M = CIPilk+ 16CT + ClPule+ 1k
+ {CIPple- 16} T+ R (18)

It is also advantageous to use the special form of H to reduce
the computational complexity when updating the estimation
error covariance matrix P. Substituting Eqs. (14) and (15) into
Eq. (B7), we derive

Pride+ k4 1= Prlee 16 — GiIKIE 11

—{GIIK I+ 137+ K s MIKDE (19a)
Pois 1+ 1 = [Pulis 1ix = GIGIE 4

— Kk +1GT + [Kilie s ;MUK 41 (19b)
Prslicr e 1 = WPualics e = GIKIf

— [Kile 4 \GT + (Kl e MIKGIE 4 (19¢)
[Pl + ik +1 = [Polis 1 — GalKolE 41

- (G 37 + (Kol MUK ‘ (19d)
[Podes 11+ 1= [Paslis ik — GalK )F 11

— [Kalk1GY + (Kol MK 41 (19)
Pssles 11k +1 = Pisles 1 = GalKslE 1

— (GslKslE )T + [Ksle s MIKGIE 4 (191)

The propagation of the covariance matrix P in time requires
the linearization of the nonlinear equations of motion of the
aircraft in order to derive the Jacobian F and the computation
of the transition matrix ®. The use of the original algorithm of
the EKF requires the computation of the matrices F and & in
each computational cycle, thus causing very large computa-
tional load. However, the dynamics of the aircraft model
indicate that the fastest modes, roll subsidence, dutch roll, and
short-period pitch are on the order of 1 s. Since the lineariza-
tion for obtaining F is done in the neighborhood of %, 11x,
and with the assumption that Xy 11, —Xx + 1, it iS not necessary
to compute F and, thus, $ at a rate greater than a few times
per second, i.e., a much slower rate than the 10 ms required in
the original EKF. A high rate of computation does not con-
tribute to precision because the difference between &, and
®, ., is negligible.

Implementation of Reduced-Order Extended Kalman Filter

The reduced-order EKF with the foregoing computational
simplifications was implemented in a VME Motorola System
1131.

Tests of this algorithm disclosed that the cycle time of the
EKF was 0.111.s. Using this relatively large time interval as an
integration step would cause numerical divergence. To effec-
tively reduce the integration time, the filter was implemented
by means of a multirate scheme, using two separate computa-
tion rates, so that F and ® were not computed in every cycle.
Consequently, the resulting algorithm operated in real time at
a rate of 16 Hz, with its cycle periods consisting of the follow-
ing operations.

The first cycle consists of:

1) Propagation of the state vector X in accordance with Eq.
(B1).

2) Computation of the Jacobian F in accordance with Eq.
(B3). .

3) Computation of the transition matrix ® in accordance
with Eq. (7) using only the first three terms in the series.
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4) Propagation of the covariance matrix P in accordance
with Eq. (13).

The second cycle consists of’

1) Propagation of the state vector X in accordance with
Eq. (B1).

2) Propagation of the estimation error covariance matrix P
in accordance with Eq. (13) in which &, computéd in the first
cycle, is used.

3) Computation of the gain matrix K in accordance with
Egs. (17).

4) Updating the state vector X in accordance with Eq. (BS).

5) Updating the estimation error covariance matrix P in
accordance with Eq. (19).

The second cycle is executed five times, after which the
computation in the first cycle is resumed, and so on. This 5:1
ratio was determined by tuning the filter and by simulation,
and it represents a good compromise between the need to
reduce the update interval of the transition matrix ¢ and the
need to increase the output rate of the EKF. A block diagram
describing the filter is shown in Fig. 2.

Computer Simulations of Reduced-Order Extended Kalman Filter

Extensive computer simulations were carried out to evaluate
the performance of this reduced-order on-line filter. Figure 3
describes a 600-s sample of a simulation run for initial flight
conditions of 40 m/s, 1000-m altitude, and atmospheric turbu-
lence of 1-m/s rms. The aircraft was ‘“flown’’ in open loop,
i.e., without control surface activity. These are the same flight

‘conditions underlying Fig. 1. Comparison of Figs. 1 and 3
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Fig. 2 Block diagram of reduced-order EKF.
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Fig.3 Time histo[y of a) roll angle ¢ and its estimate &, and b)
estimation error A¢ using the reduced-order EKF in noncontrolled
flight.

shows that the estimation error of the reduced order-filter is
larger, but its accuracy and rate are quite compatible with
typical requirements in aircraft flight control. The standard
deviations for the ¢ and ¢ estimation errors are g,3 = 0.21 deg
and o3 = 0.26 deg, respectively (the latter not shown). Figure
4 shows a simulation run of a ‘‘slalom’’ trajectory in which ¢
and @ vary periodically with a period of 40 s and amplitudes of
10 and 15 deg, respectively. The results demonstrate that the
convergence time of the reduced-order EKF is somewhat
longer than for the full-state EKF. However, its sensitivity to
the effects of aircraft parameter variations is substantially
smaller. Simulations, with conditions identical to those of
Figs. 3 and 4, were also performed in which the F and &
matrices were computed in each cycle at a 16-Hz rate, which
did not permit real-time operation. The results obtained were
very similar to those in Figs. 3 and 4. This justifies the assump-
tion that it is not necessary to compute ® and F in each cycle.
In the present example, the rate gyros were assumed to have
drift rate biases on the order of 0.1 deg/s, which would cause
offsets in the attitude estimates in excess of 1 deg. Therefore,
gyro biases were included in the Kalman filter. However,
additional simulations disclosed that biases smaller than 0.03
deg/s result in negligible attitude estimation errors. Thus, for
this class of gyros, estimation of biases is not needed. This
would result in additional reduction of the order of the filter
from 11 to 8, implying a very significant savings in computa-
tion time.

Realization of Extended Kalman Filter with Time-Varying
Gyro Biases

So far, it has been assumed that the gyro drift rate can be
modeled as unknown constants. In reality, this is not the case.
Furthermore, it is not feasible to formulate a mathematical
model for the biases in low-grade rate gyros because of nonlin-
earities, hysteresis, and mechanical uncertainties that cause

Fig.4 Time histqry of a) roll angle ¢ and its estimate &, and b)
estimation error A¢ using the reduced-order EKF in a ‘‘slalom”’ flight.

erratic jumps in the biases. Accordingly, they have been mod-
eled as piecewise-constant random processes. Since the EKF,
as described so far, is based on constant drift rates, it cannot
estimate variations in biases that are subsequent to their initial
estimates because the corresponding components in the gain
vector would have converged to zero.

To implement an EKF that maintains alertness to possible
variations in gyro biases and continues to estimate them indef-
initely, the following approach is adopted: the biases continue
to be modeled as constants, but, to prevent the corresponding
gains from converging to zero, the diagonal elements due to
drift rates in the estimation error covariance matrix P are
reinitialized from time to time. This reinitialization should be
enforced whenever a significant change in the bias occurs.
This implies a detector that is sensitive to such variations. A
suitable scheme was proposed by Hinkley!? and Basseville.!3
For its implementation, we define a new variable Y as

Yk é Wmk — a-’k— ilk (20)

where w,, is the actual gyro output, & the estimated angular
rate, and j the estimated drift. It is assumed that in the steady
state, i.e., after the decay of transients, ®—w; and g—py, SO
that

E[Ye] = Elom— G- fue) = E[Vi] = 0 @1

Assume that at a given instant 7, a change in the bias occurs.
This can be formulated by:

B = o> <ty
B =po +Ap, T2l (22)
Therefore, after the event of the change, we have,

E[Y ] = Ap (23)
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This change in ETY,] is an indication of a change in the bias.
The detection algorithm can, therefore, be formulated as fol-
lows. A threshold value g, is chosen and two algorithms oper-
ate in parallel, one to detect an increase, and the other to
detect a decrease in E[Y;]:

T, =0 v (24a)
Ty =Thoy+ Y, + App/2 (24b)
M, = T, Tk (24c)
M,—T,=\ (244d)
Alarm, if M,—T, =\
U,=0 25a)
U, =U,_ + Y, — Apn/2 (25b)
N, = mn y, (25¢)
U,~N, =\ (25d)

Alarm, if U,—N, = \.

A is a threshold value, the choice of which is a compromise
between too many false alarms if A is set too small and too
many undetected changes in drift rate if A is set too large. A is
determined by the following relation:

A = y(6*/ Apm /2) (26)

where ¢ is the standard deviation of the measurement noise ¥}
and v a constant suitably chosen to be between 3 and 5.

The results of simulations with randomly occurring varia-
tions in gyro drift rates confirmed that the Hinkley'? detector
solves the problem of estimating time-varying biases and it is
effective for continuous random variations as well.
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Experimental Validation
Experimental Setup

The experimental setup used for validation of the method
consisted of the followmg subsystems and parts:

1) A high-precision, digitally controlled three-axis flight
table with bandwidths of 7, 10, and 15 Hz for the yaw, pitch,
and roll gimbals, respectively, for small amplitudes of less
than a degree. The flight table and its digital controller are
depicted in Fig. 5. ‘

2) A communication board interfacing the computer and
the flight table. This board is based on a 8-MHz MC68010
CPU and three analog-to- digital 12-bit converters that sample
the readings of the three rate gyros.

3) A Motorola VME System 1131 computer based on a
16-MHz CPU MC68020 and a floating-point unit, MC68881.

4) Three dc to dc Condor Pacific deflection-type rate gyros,
Model RB43BD with a measurement range of 100 deg/s.

Real Time Simulation Tests with Rate Gyros

The real-time simulations for the estimation of attitude
angles were executed in accordance with Fig. 6. The flight
simulations of the trajectories and sensor readings were per-
formed off-line and stored in files. These were subsequently
used in the real-time simulations as inputs to the EKF. In the
process of tuning the EKF, the values for the process noise
covariance matrix J¢ ®X1 and the measurement covari-
ance matrix R€ ®*** were found to be §(7,7) = Q(8 8) =
0(9,9) = 0.229 m?/s2, and all other elements of § aré zero.
R(1,1)= R(2,2)=R(3,3) = 1.2 x 10~ *(rad/s)?, R(4,4) = 0.9
(m/s)?, and all other elements of R are zero. Figure 7 displays
simulation results for an uncontrolled aircraft during a spiral
dive. The flight conditions are identical to those underlying
Fig. 1 and those of Fig. 3 which represented computer simula-
tions with analytical models of the gyros. In those simulations,
imperfections of the flight table did not play a role. The errors
are somewhat larger than those in Fig. 3, e.g.; 64, = 0.32 deg
and 6,0 = 0.35 deg. Increased error results from the imperfec-
tions of the dynamics of the flight table and the nonlinearities
of the actual rate gyros. Yet, with all of the shortcomings of
the experimental test, the estimation errors in pitch and roll
did not exceed 0.5 deg. Figure 8 describes the results of a

Fig. 5 Flight table: a) yaw gimbal; b) pitch gimbal; c¢) roll gimbal; d) triad of rate gyros; and e) digital controller.
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Fig.7 Time histo[y of a) roll angle ¢ and ité estimate @, and b)
estimation error A¢ using the reduced-order EKF in noncontrolled
flight with real gyros on the flight table.

Fig.8 Time history of a) roll angle ¢ and its estimate &, and b)
estimation error A¢ using the reduced-order EKF.in a ‘‘slalom’’ flight
with real gyros on the flight table.
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“‘slalom”’ flight under conditions identical to those of Fig. 4.
Again, the errors are somewhat larger than the corresponding
ones obtained for the computer simulations of Fig. 4. The
results shown here are only a small sample of simulation tests
that were performed. The overall conclusion from these tests
is that, under all conditions, the estimation errors of attitude
angles did not exceed 0.5 deg.

Conclusions

The study described herein, demonstrates that the measure-
ment vector, typically provided by the set of state-of-the-art
onboard sensors, is of sufficiently small dimension to permit
on-line implementation of an extended Kalman filter (EKF)
that provides accurate attitude estimates, meeting operational
requirements without time limitation. The reduced-order mul-
tirate EKF is sufficiently robust under variations in aircraft
model parameters and performs well under widely varying
flight trajectories. With the advent of low-cost laser gyros'
and fiber-optic or vibratory micromechanical gyros,!* the con-
cept described herein may evolve as a subminiature, highly
reliable device.

“Appendix A: Aircraft Equations of Motion

1) Dynamical translatory equations in body axes:
= — YapV2 (S/m)[Cp cosa cosf + Cy cosa sinf

— Cy sinca) + (T/m) — g sinf — gw + rv (AD

v= — YipV2 (8/m)[Cp sinB— Cy cosf]

+ g sing cosf — ru + pw (A2)
w= — V4pV2 (S/m)[Cp sina cosg + Cy sina sing
+ C; cosa) — g cosf sing — pv + qu (A3)

2) Dynamical angular equations in body axes:
p= [1/(1x1z—1,%,)] {z [l/szg SbC; + (Iy—Iz)qr]
+1 [%pVg SbC, + (U;—1I, + I)pg — lxzqr]} (A%)

= [V@)][4eVE 5cCp + I ? - p?)

+ I~ Lyp | (A3)

= [1/ (IXIZ—I,%Z)] {Ix [Vzp V2 5C, + (Ix-—Iy)pq]
+ 1. [40V2 Sy + (U=, — L)ar + Loal}] (a6
3) Kinematical (Euler) equations:
¢ =p + q tand sing + r cos¢ tand (A7)
§ = g cos¢ — rsing (A8)

smq& cos¢
c050 cos()

V=q— (A9)

4) Transformation of ground speed from body to Earth
coordinates:

Zg = —h= —usinf + v sing cosf + w cos¢ cosd  (A10)
X = u cosf cosy + v(sing sind cosy — cos¢siny)

+ w(cose sinf cosy + sing siny) (All)
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Y& = u cosf siny + v(sing sind siny + cos¢ cosy)
+ w(cos¢ sind siny — sing cosy) (Al12)

5) Aerodynamic coefficients:

CL=Cp +Cra+Crf+5- 2V Cr,q +Cr, 0  (Al3a)
m = Cry + Cinyt + Congl + 55> (Cmaa +Cp q)
+ Ciny B (A13b)
Cp = Cp, + C,CE (Al3c)
Cy—CY(X+CYBB+ b (Cyp+CYr)
+ Cy, 82 + Cy, 8, + Cy, 8 (A139d)
c=c W0+ Cip 4 55 (G + Cyyr)
+ Clae‘se + C,aaa,, + Cna,‘sr (Al3e)
Co = Cr o+ CogB + 55+ (C P+ Cnl)
+ Cuy Be + Cuy 80+ Cry 8, (A130)

The absolute value of relative airspeed ¥}, angle of attack «,
and angle of sideslip 3 are given by

V, = [t + (v=vg) + (W—wg )% (Al4a)
o= tan"[w_wg:l (Al4b)

u—u,
8= sin"[v;avg] (Al40)

The relationship between air density p and altitude # is given
by

{1 - [h/(4.4 x 10%])5-2%7
288.15 - 6.5 x 10 3h

p = 352.90 X (Al5)

Appendix B: Extended Kalman Filter Equations

The state-space equation of the system is given by Eq. (1).
The measurement equation is given by Eq. (2). The EKF,
which provides the estimate X of X by means of Z, is derived
as follows. Denote the estimation error by

x=X-X

The algorithm is executed in the following steps.
1) Solve the differential equation

X =fX,U) (B1)
from the instant 7, to #;, 1, where X(#;) = Xy, and the solu-
tion at #; , ; will be denoted by X, . s

2) Propagate the estimation error covariance matrix P 2 a
E(XXT) as

P=FX, )P + PFT(X,U) + Q@t) (B2)
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where

af (X,U)

F(X =
X, U) X |-ty

(B3)

and Q(¢) is the power spectral density matrix of white system
process noise

E{wew@—1} =0t -7
Equation (B2) must be solved from the instant # to z, |, where
the initial condition is P(#;) = Py .. The solution at the instant

;.1 will be denoted by Py, 1.
3) Compute the matrix K as

Kiv1=Pro 1 HT[HPy 1 HT + R 1 (B4)
where Ry is the covariance matrix of the measurement noise
Vk‘.‘) Compute X 4 114+ 1 by

Xes ks = Kis 1[Zics 1 — HXy 1] (BS)

and update X, 11z, 1 in accordance with
Ktk =Xew 1k + e Liks1 (B6)
5) Update the covariance matrix P in accordance with
Pritiesr = =K \HPy oy =Ky o HIT

+ K 1ReK s (B7)
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